For a nondecreasing sequence of integers S = (s 1 , s 2 , . . .) an Spacking k-coloring of a graph G is a mapping from V (G) to {1, 2, . . . , k} such that vertices with color i have pairwise distance greater than s i . By setting s i = d+ i−1 n we obtain a (d, n)-packing coloring of a graph G. The smallest integer k for which there exists a (d, n)-packing coloring of G is called the (d, n)-packing chromatic number of G. In the special case when d and n are both equal to one we speak of the packing chromatic number of G. We determine the packing chromatic number of the base-3 Sierpiński graphs S k and provide new results on (d, n)-packing chromatic colorings, d ≤ 2, for this class of graphs. By using a dynamic algorithm, we establish the packing chromatic number for H-graphs H(r).
Preliminaries
A k-coloring of a graph G is a function f from V (G) onto a set C = {1, 2, . . . , k} (with no additional constraints). The elements of C are called colors, while the set of vertices with the image (color) i is denoted by X i . Let u, v be vertices of a graph G. The distance between u and v in G, denoted by d G (u, v) , equals the length of a shortest u, v-path (i.e. a path between u and v) in G.
Let f be a k-coloring of a graph G with the corresponding sequence of color classes X 1 , ..., X k . If each color class X i is a set of vertices with the property that any distinct pair u, v ∈ X i satisfies d G (u, v) > i, then X i is said to be an i-packing, while the sequence X 1 , ..., X k is called a packing icoloring. The smallest integer k for which there exists a packing k-coloring of G is called the packing chromatic number of G and it is denoted by χ ρ (G) [1, Goddard(2008)] .
A more general concept was formally introduced in [Goddard(2012) ] as follows. For a nondecreasing sequence of integers S = (s 1 , s 2 , . . .), an Spacking k-coloring is a k-coloring c of V (G) such that for every i, with 1 ≤ i ≤ k, c is an s i -packing. The S-packing chromatic number of G denoted by χ S ρ (G), is the smallest k such that G admits an S-packing k-coloring.
Gastineau et al. [Gastineau(2015) ] proposed the variation of the Spacking coloring, where for integers n and d the sequence S = (s 1 , s 2 , . . .) is given by s i = d + i−1 n . In this setting, an S-packing k-coloring of a graph G is called a (d, n)-packing k-coloring, while the smallest integer k for which there exists a (d, n)-packing k-coloring of G is called the (d, n)-packing chromatic number and denoted by χ d,n ρ (G). For d = 1 and a sufficiently large n, a (d, n)-packing k-coloring is the classical graph coloring with k colors. A generalization of this observation gives the following
Note also that a (1, 1)-packing k-coloring is a packing k-coloring of a graph. k are defined such that we start with S 0 = K 1 . For k ≥ 1, the vertex set of S k is [3] k 0 and the edge set is defined recursively as We can see that S k can be constructed from three copies of S k−1 . More precisely, for every j ∈ [3] 0 we make a copy of S k−1 denoted by jS k−1 where we concatenate j to the left of each vertex in S k−1 . The construction is concluded by adding the edges:
k contains three extreme vertices. It is not difficult to establish the following (see also [Klavzar(2013) 
, then every shortest u, v-path contains vertices ij k−1 and ji k−1 .
Brešar, Klavžar and Rall [Bresar(2016) ] showed the following
In order to establish the packing chromatic number of base-3 Sierpiński graphs we need the following definition.
Let T k be the graph obtained from S k by adding three edges that connect its extreme vertices, i.e.
Proof. Let f be an (n, d)-packing b-coloring of T . Note that we show above that S k is composed of three copies of S k−1 . For k ≥ we define a b-coloring f k of S k as follows:
We therefore established that the claim holds for k = . Let u, v ∈ V (S +1 ). Thus, for some x, y ∈ V (S ) and i, j ∈ [3] 0 we have u = ix and v = jy. The extreme vertices are connected in T , therefore, by Fact 1, we have d S +1 (u, v) = d T (x, y). Since f (u) = f (x) and f (v) = f (y), the claim also holds for k = + 1. Let then k ≥ + 2 and let assume that the claim holds for
. By the induction hypothesis, the restriction of f k to a copy of S k−1 (resp. a copy of S k−2 ) is a (n, d)-packing i-coloring of the respective subgraph. It follows that the claim clearly holds if u and v belong to the same copy of S k−1 (resp. S k−2 ). If u and v belong to two copies of S k−2 which are not connected with an edge, then it is straightforward to see that d(u, v) > 2 k−2 ≥ 2 . Thus, this case is also settled. Finally, let u and v belong to two copies of S k−2 which are connected with an edge. We can say w.l.o.g. that for x, y ∈ V (S k−2 ), we have u = 01x and v = 10y or u = 02x and v = 20y or u = 12x and v = 21y.
If u = 01x and v = 10x, we have d S k (01x, 10y) = d S k (00x, 01y) and
and this case is settled. Since the proof for another cases is analogous, we showed that χ
Proof. We found a packing 8-coloring of T 5 depicted in Fig. 2 . Thus, by Lemma 1, we have χ ρ (S k ) = χ 1,1 ρ (S k ) ≤ 8. Since Theorem 1 yields the lower bound, the proof is complete. 27 27 27 27 27 27 27 27 27 27 27 27 
Proof. For k ∈ {2, 3, 4, 5, 6}, the values are established by a computer search. Since χ 2,2
The upper bound follows from a (2,2)-packing 8-coloring of T 5 depicted in Fig. 4 and Lemma 1.
Proof. For k ∈ {2, 3}, the values are established by a computer search. Since χ 
H-graphs
The H-graph H(r), r ≥ 2, is the 3-regular graph of order 6r, with ver-
, where subscripts are taken modulo 2r. For i ∈ [r] 0 the set of vertices H r,i = {u i , u i+1 , v i , v i+1 , w i , w i+1 } induce a subgraph of H(r) called an i-th column of H(r).
Laïche and Sopena [3] showed Theorem 4. For every integer r ≥ 2, χ ρ (H(r)) = 5 if r is even, and 6 ≤ χ ρ (H(r)) ≤ 7 if r is odd.
The question whether it is true that for r ≥ 3, r odd, H(r) ≤ 6 for every H-graph H(r) is posed in [3] . In order to answer this question we use a dynamic algorithm which was introduced (in a very general framework) in [Klavzar(2003) ]. In this paper, this concept is applied for searching the packing chromatic number of H-graphs.
Consider the graph H P (r) obtained from H(r) by removing the edges u 0 u 2r−1 and w 0 w 2r−1 (see for example H P (3) depicted in Fig. 6 ). Then the vertices of the directed graph D are all 6-packing colorings of H P (3). Let If f, g ∈ V (D), then let f g be a 6-coloring of H P (4) such that f g (H 3,i ) := f (H 3,i ), i ∈ [3] 0 , and f g (H 3,3 ) := g(H 3,2 ), i.e. f g is composed of f and the last column of g. We make an arc from f to g in D if and only if the following two conditions are fullfiled: (i) f (H 3,1 ) = g(H 3,0 ) and f (H 3,2 ) = g(H 3,1 ), i.e., the coloring of the 1st (resp. 2nd) column of f coincide with the coloring of the 0th (resp. 1st) column of g.
(ii) f g is a 6-packing coloring of H P (4).
Lemma 2. Let r ≥ 4 be an integer. Then H(r) admits a packing 6-coloring if and only if D contains a closed directed walk of length r − 2.
Proof. Suppose first that D contains a closed directed walk P of length r − 2. Note that every arc of D corresponds to a a 6-coloring of H P (4). Analogously, arcs of P correspond to a 6-coloring ψ of H(r). We have to show ψ is a packing 6-coloring of H(r), i.e. that for every u, v ∈ H(r) with ψ(u) = ψ(v) we have d H(r) (u, v) > ψ(u). Let u and v belong to i-th and j-th column of H(r), i ≥ j, respectively. If i − j ≥ 4, then d H(r) (u, v) > 6 and we are done. If i − j ≤ 3, then the colorings of H r,j , H r,j+1 , H r,j+2 , H r,j+3 correspond to an arc of D. Thus, d H(r) (u, v) > ψ(u). This observation concludes the first part of the proof. Assume now that H(r) admits a packing 6-coloring denoted by ψ. By the definition of D, the restriction of ψ to a copy of H P (3) (resp. a copy of H P (4)) in H(r) corresponds to a vertex (resp. an arc) of D. It follows that ψ corresponds to a closed directed walk of length r − 2.
Theorem 5. If r ≥ 2, then χ ρ (H(r)) = 5, r is even 7, otherwise
Proof. By Theorem 4, we have to show that χ ρ (H(r)) ≥ 7 if r is odd. In order to prove this, we compute the directed graph D (with 8336 vertices) as described above. Since the computer program find no closed walk of odd length, by Lemma 2 the assertion follows.
